For an m-cycle C, an inside m-cycle of C is a cycle on the same vertex set, that is edge-disjoint from C. In an m-cycle system, (X , C), if inside m-cycles can be chosen -one for each cycle-to form another m-cycle system, then (X , C) is called an almost 2-perfect m-cycle system. Almost 2-perfect cycle systems can be considered as generalisations of 2-perfect cycle systems. Cycle packings are generalisations of cycle systems that allow to have leaves after decomposition. In this paper, we prove that an almost 2-perfect maximum packing of K n with 8-cycles of order n exists for each n ≥ 8. We also construct a maximum 8-cycle packing of order n which is not almost 2-perfect for each n ≥ 10.
Introduction
One of the oldest graph decomposition problems involves decomposing the complete graph K n into edge disjoint cycles. If all the cycles have uniform length, say m, then this decomposition is called an m-cycle system. More formally, we denote an m-cycle system of order n by a pair (X , C) where X is an n-element set and C is a collection of edge-disjoint m-cycles which partitions the edge-set of K n with vertex set X . To have an m-cycle system of order n, we need n to be odd and m to divide the total number of edges. Namely;
(ii) n ≡ 1 (mod 2), and (iii) n(n − 1)/2m is an integer.
These conditions are shown to be sufficient when n and m have the same parity in [2] , and when n and m have different parity in [11] . Given m, the set of all n satisfying these conditions is called the spectrum of the m-cycle system.
For a cycle C, let c(i) be the set of edges that connects the vertices that are distance i apart in C. For example, if C is a 6-cycle, then c(2) consists of two 3-cycles. If C is a 5-cycle, then c(2) is another 5-cycle. Given an m-cycle system (X , C), if the collection of c(i) related to each C forms another cycle system (not necessarily an m-cycle system), then (X , C)
is called an i-perfect m-cycle system. There are many results on 2-perfect m-cycle systems where every pair of vertices is connected by a path of length two in exactly one m-cycle in C. The interested reader is referred to [1, 3, 6, 9, 10] for results on 2-perfect cycle systems.
Another interesting problem involving m-cycle systems is to replace each m-cycle C in the system with another m-cycle C ′ related with C, and then to see if the collection of the new m-cycles still gives an m-cycle system or not. We can for example relate C ′ with C by choosing it on the same vertex set. Given an m-cycle C, an edge-disjoint m-cycle C ′ on the same vertex set is called an inside m-cycle of C.
If C = (x 1 , x 2 , x 3 , x 4 , x 5 ) is a 5-cycle, then there is only one inside 5-cycle of C, namely (x 1 , x 3 , x 5 , x 2 , x 4 ). So for m = 5; being 2-perfect is equivalent to inside m-cycles forming an m-cycle system. When m is even, the cycles formed by c(2) in the 2-perfect m-cycle system 2 can not be m-cycles, as given in the example of a 6-cycle. That's why the generalisation of the idea as "almost" 2-perfect cycle systems has gained attention lately. For m-cycles when m > 5 there are increasing number of possible inside cycles for a given cycle. A 6-cycle (x 1 , x 2 , x 3 , x 4 , x 5 , x 6 ) has three inside 6-cycles (x 1 , x 3 , x 5 , x 2 , x 6 , x 4 ), (x 1 , x 3 , x 6 , x 4 , x 2 , x 5 ) and (x 1 , x 4 , x 2 , x 6 , x 3 , x 5 ) for example. In [8] , a 6-cycle system (X , C) is called an almost 2-perfect 6-cycle system if it is possible to choose an inside 6-cycle from each 6-cycle in C, so that the resulting collection of 6-cycles is also a 6-cycle system. They found the spectrum of almost 2-perfect 6-cycle systems.
A cycle packing of the complete graph K n is a triple (X , C, L) where X is the vertex set, C is a collection of edge-disjoint cycles from K n , and the leave L is the collection of the edges in K n not belonging to any of the cycles in C. When |L| is smallest possible, then (X , C, L)
is called a maximum packing. If n is not in the spectrum of the m-cycle system, i.e; when it is not possible to decompose K n completely into m-cycles, it is wise to work on maximum packings of m-cycles of K n .
In [8] , Lindner et al. also proved the existence of almost 2-perfect maximum packing of K n with 6-cycles for each admissible n. In [7] , Lindner and Meszka considered the existence of almost 2-perfect minimum covering of K n with 6-cycles.
In this paper we will consider the next case; almost 2-perfect 8-cycle systems. Although a given 6-cycle has the three possible inside 6-cycles, an 8-cycle has 177 possible inside 8-cycles.
Let (X , C) be an 8-cycle system, and let C ′ be a collection of inside 8-cycles one from each of the cycles in C. If (X , C ′ ) is an 8-cycle system, we will say that (X , C) is almost 2-perfect.
We show that the spectrum of almost 2-perfect 8-cycle systems is same as the spectrum of 8-cycle systems, namely n ≡ 1 (mod 16).
For all other n not in the spectrum of 8-cycle systems, we show the existence of almost 2-perfect maximum packings with 8-cycles.
Another question is: Given an 8-cycle maximum packing (X , C, L), is it always possible to choose an inside 8-cycle for each 8-cycle in C so that the resulting collection of inside 8-cycles is an 8-cycle maximum packing? In other words, are all the 8-cycle maximum packings almost 2-perfect? The answer to this question is no, except for the orders n = 8 and n = 9. In the third section, we construct almost 2-perfect maximum packings of K n with 8-cycles for all n ≥ 8, therefore we show that they exists for all admissible n. And in the fourth section, we construct maximum packings of K n with 8-cycles that are not almost 2-perfect for all n ≥ 10 and present our observations from a comprehensive computer search.
Preliminary results
We will start by introducing the results that will be used throughout the paper. From now on, almost 2-perfect will be abbreviated as A2P for brevity.
Lemma 2.1 There exists an A2P 8-cycle decomposition of K 4t,4s , for all t, s ∈ Z + .
Proof Let X = {x 0 , x 1 , x 2 , x 3 } and Y = {y 0 , y 1 , y 2 , y 3 } be the parts of K 4,4 . Consider
, (x 0 , y 2 , x 1 , y 3 , x 2 , y 0 , x 3 , y 1 )}, and the inside cycles as
Next let X = {x 0 , x 1 , ..., x 4t−1 } and Y = {y 0 , y 1 , ..., y 4s−1 } be the parts of K 4t,4s , where Proof Let X = {x 0 , x 1 , x 2 , x 3 } and Y = {y 0 , y 1 , y 2 , y 3 , y 4 , y 5 } be the parts of K 4,6 . Consider
Next, let X = {x 0 , x 1 , ..., x 4t−1 } and Y = {y 0 , y 1 , ..., y 4s+1 } be the parts of K 4t,4s+2 , where Proof Let X = {∞}∪{x 1 , x 2 , ..., x r }∪{y 1 , y 2 , ..., y s }. Placing an A2P 8-cycle system of order r + 1 on {∞} ∪ {x 1 , x 2 , ..., x r } and an A2P 8-cycle decomposition of K r,s on {x 1 , x 2 , ..., x r } ∪ {y 1 , y 2 , ..., y s } gives an A2P maximum 8-cycle decomposition of K r+s+1 \ K s+1 , where the vertex set of K s+1 is {∞} ∪ {y 1 , y 2 , ..., y s }.
Lemma 2.4
If there exist an A2P maximum 8-cycle packing of order r and of order s with a 1-factor leave and an A2P 8-cycle decomposition of K r,s , then there exists an A2P maximum 8-cycle packing of order r + s with a 1-factor leave.
Proof Let X = {x 1 , x 2 , ..., x r } ∪ {y 1 , y 2 , ..., y s }. Placing an A2P maximum 8-cycle packing of order r on {x 1 , x 2 , ..., x r }, an A2P maximum 8-cycle packing of order s on {y 1 , y 2 , ..., y s }, and an A2P 8-cycle decomposition of K r,s on {x 1 , x 2 , ..., x r } ∪ {y 1 , y 2 , ..., y s } gives an A2P maximum 8-cycle packing of order r + s.
Lemma 2.5 If there exist an A2P maximum 8-cycle packing of order r and an A2P 8-cycle decomposition of K r,s , then there exists an A2P maximum 8-cycle packing of K r+s \ K s .
Proof Let X = {x 1 , x 2 , ..., x r } ∪ {y 1 , y 2 , ..., y s }. Placing an A2P maximum 8-cycle packing of order r on {x 1 , x 2 , ..., x r } and an A2P 8-cycle decomposition of K r,s on {x 1 , x 2 , ..., x r } ∪ {y 1 , y 2 , ..., y s } gives an A2P maximum 8-cycle packing of K r \ K s . Now we can present the main construction that will be used to construct almost 2-perfect maximum 8-cycle packings.
Main Construction
Let H be a finite set and k be a positive integer. Then, let
, place an A2P maximum 8-cycle packing of order 16 + h, where h = |H|.
(3) For each x, y = 1, 2, ..., k, x < y place an A2P 8-cycle decomposition of K 16,16 on
Combining (1), (2), and (3) gives an A2P maximum 8-cycle packing of order 16k + h.
Almost 2-perfect maximum packings with 8-cycles
The following table gives leaves we considered for the maximum packings with 8-cycles (see [4] and [5] ). For the rest of the cases we will work on maximum packings. In each case, we will start 6 by giving small examples, then we will use these small cases in the main construction given above.
n ≡ 1 (mod 16) Then we can choose the following inside cycles: (0, 6, 1, 4, 14, 7, 11, 10), (1, 7, 2, 12, 3, 10, 5, 11), (2, 11, 8, 5, 13, 7, 3, 6) , (3, 11, 14, 8, 4, 7, 12, 9) . and the 5-cycle leaves (y 9 , y 10 , y 11 , y 12 , y 13 ). Then place an A2P maximum 8-cycle packing of order 8 on {x 1 , x 2 , x 3 , x 4 } ∪ {y 1 , y 2 , y 3 , y 4 } (by Example 3.3) with the 1-factor leave {{x 1 , x 3 }, {x 2 , x 4 }, {y 1 , y 3 }, {y 2 , y 4 }}, place an A2P 8-cycle decomposition of K 4,4 on {x 1 , x 2 , x 3 , x 4 }∪{y 5 , y 6 , y 7 , y 8 }, on {x 5 , x 6 , x 7 , x 8 }∪{y 1 , y 2 , y 3 , y 4 }, and on {x 5 , x 6 , x 7 , x 8 }∪{y 5 , y 6 , y 7 , y 8 }, and finally place an A2P 8-cycle decomposition of K 4,6 on {x 1 , x 2 , x 3 , x 4 }∪{y 9 , y 10 , ..., y 14 } and on {x 5 , x 6 , x 7 , x 8 } ∪ {y 9 , y 10 , ..., y 14 } by Lemma 2.2. n ≡ 9 (mod 16) Lemma 3.13 For every n ≡ 9 (mod 16), there exists an A2P maximum 8-cycle packing of order n.
Proof There exist an A2P maximum 8-cycle packing of order 9 with a 4-cycle leave by Theorem 3.23 There exists an A2P maximum 8-cycle packing of order n for every n ≥ 8. Even though all maximum packings with 8-cycles for orders 8 and 9 are almost 2-perfect, starting at order 10, there are increasing number of maximum packings with 8-cycles which do not carry this property. We generated about 2 million maximum packings with 8-cycles of order 10, and only 0.35% was not almost 2-perfect. On the other hand, computer search shows that when n gets larger the percentage of 8-cycle packings which are not almost 2-perfect increases quite rapidly.
Below we give examples of 8-cycle maximum packings which are not almost 2-perfect for small orders. We will use them in the constructions to get 8-cycle maximum packings which are not almost 2-perfect for all orders n ≥ 10. These packings of order n are given on the set {0, ..., n − 1} for each n. (1, 8, 3, 9, 4, 10, 2, 11), (1, 9, 5, 7, 11, 8, 6, 10) , (4, 8, 5, 10, 7, 9, 6, 11) with leave K 4 on {0, 1, 2, 3}
and edges {{4, 5}, {6, 7}, {8, 9}, {10, 11}}. (0, 6, 9, 1, 10, 2, 12, 8), (1, 11, 2, 7, 3, 8, 4, 12) , (3, 9, 4, 7, 5, 10, 11, 12) , (4, 10, 6, 8, 9, 12, 7, 11) , (5, 8, 11, 6, 12, 10, 7, 9) with leave {{0, 1}, {1, 2}, {2, 3}, {3, 4}, {4, 5}, {0, 5}}. 
